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Abstract

The Fourier transformation to calculate structure
factors was applied to a crystal simulated by the
molecular-dynamics (MD) method to clarify crystal-
lographic symmetry (point group and space group) of
the crystal and its change during phase transition. The
crystal symmetry and phase transition of quartz as a
trial material were studied. The behavior of structure
factors in reciprocal space, such as systematic extinc-
tion, shows that a MD-simulated crystal of quartz has
the same symmetry and it changes during the phase
transition as a real crystal. The present study clearly
shows that the symmetry change of the arrangement of
Si and O atoms occurs simultaneously at the phase
transition.

1. Introduction

The molecular-dynamics (MD) simulation using
appropriate interatomic potentials between two atoms
has been widely used for investigating the physical
properties of materials and in particular the structures
of crystals, liquids and gases. The primary information
given by MD simulation is the positions and the vel-
ocities of atoms as a function of time. The accuracy of
any MD calculation depends mainly on the accuracy of
the interatomic potential models, which can be justified
by reproducibility of cell parameters, atomic coordi-
nates and the physical properties of real crystals. The
crystal symmetry and phase transition of a MD-simu-
lated crystal have been compared with those of real
crystals using atomic trajectories or mean atomic posi-
tions in real space (e.g. Tsuneyuki et al., 1990; Matsui &
Price, 1992; Yamahara et al., 1995).

On the other hand, the symmetry and atomic
arrangements of crystal structures of real crystals can
be determined using methods such as X-ray diffrac-
tion. Phase transitions of real crystals have also been
studied extensively using data from diffraction
methods. Structure factors in reciprocal space change
only by the relative displacement of atoms that
changes the length and direction of vectors
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connecting atoms. The diffraction patterns calculated
from a MD-simulated crystal can, therefore, give
clearer information about the relative displacement
of atoms than conventional diagrams of trajectories
including all kinds of atomic movement in real
space. Therefore, crystal symmetry and phase tran-
sitions can be discussed by comparing the diffraction
patterns obtained from MD-simulated crystals with
those of real crystals in a more direct manner than
the usual procedures, such as the comparison of
mean atomic positions in real space.

In the present study, accordingly, a computer
program to calculate the Fourier transform of atomic
positions of a MD-simulated crystal was developed
and the crystal symmetry and phase transition of a
MD-simulated crystal were studied in reciprocal
space. Quartz (SiO,) was selected as a trial material
among minerals whose crystal structure and phase
transition have been studied extensively. Quartz
transforms from the low-temperature form (e-quartz,
point group 32 and space group P3;21 or P3,21) to
the high-temperature form (B-quartz, point group
622 and space group P6,22 or P6,22) at around 864
K under atmospheric pressure. The crystal structures
of both «- and B-quartz and the transition between
them have been studied in detail by X-ray diffrac-
tion methods (e.g. Wright & Lehmann, 1981; Zarka
et al, 1988; Kihara, 1990, 1993) and by MD simu-
lations (Tsuneyuki et al, 1990). The change of
structure factors calculated from the Fourier trans-
form of MD-simulated quartz will be described and
discussed in relation to the phase tramsition in the
present study.

2. MD simulation and structure-factor calculation
2.1. MD simulation

In the present MD simulation of the crystal structure
of quartz, we employed an interatomic potential model,
where the interatomic potential function (®;;) between
two atoms (i, j) consists of the Coulombic, the short-
range repulsion, the van der Waals attraction and the
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Table 1. Potential parameters used in the present MD simulation
Ion z (e) a(A) b (A) ¢ (kI°° A% mol®9) Ton pair D (kJ mol™?) B(A™Y 7 (A)
O -12 1.926 0.160 40.92 Si-O 17.7 2.0 1.510
Si 24 0.945 0.090 0.0 Others 0.0 0.0 0.0

Table 2. Cell parameters of quartz obtained by an X-ray diffraction method (Wright & Lehmann, 1981) and by the
present MD simulation at 300 K, 1 atm

a () b (A) c(A)
X-ray diffraction 49134 4.9134 5.4052
MD simulation 4.9362 4.9372 54118

Morse potential terms, as given by
(pij(rij) = Zizjez/rij + fo(b; + bj)
x exp(a; + a; — r,-j/bi + bj) — cicj/r?j
+ Dyfexpl—28,(ry — )]
= 2exp[—B;(r; — )l )

where r; is an interatomic distance, f, (= 6.9511 x
107" N) a constant, e the electronic charge, z,a,b and ¢
parameters for each atomic species, and Dy, §; and g
parameters for cation-anion pairs. These parameters
were newly determined by trial-and-error procedures
based on the published data (Kawamura, 1992). The
electrostatic valences of the ions, z, were then chosen to
be 60% of the full charges and the Morse term was
applied only to Si-O pairs. The parameters used in the
present study are shown in Table 1. :
MD simulations were carried out by using a MD
program (MXDTRICL) produced by one of the
authors (Kawamura, 1993). The Ewald method was
applied for the summations of Coulombic interactions.
Integration of motions of ions was carried out using
Verlet’s algorithm (At = 2.0fs). Temperature and
pressure were controlled by scaling particle velocities
and simulation of the cell parameters, respectively. In
this study, a temperature range of 300-1000 K was
investigated, while pressure was kept around 1 atm
throughout the MD calculations. The unit cell used in
the present MD calculation (MD cell) is a parallele-
piped but has a similar shape to a hexagonal cell
(avp X byp, @ & B & 90° and y =~ 120°) and the
number of atoms in the system is 576 (containing 64
crystallographic unit cells of quartz; app = 4aq,, bup =
4aq,, cmp = 4cq,). Starting from the atomic positions
of a-quartz experimentally determined by Wright &
Lehmann (1981), a MD-simulated crystal of quartz .was
annealed for 20 ps (10000 steps) at 300K so as to
obtain an equilibrium atomic configuration at the
particular temperature. This MD-simulated crystal was
also used as a starting MD-simulated crystal for further
MD calculations at all other temperatures. After raising
the temperature of the system to the required level, the
resulting MD-simulated crystal was ‘annealed’ for at

@) B ) v () p (g cm™)
90.00 90.00 120.00 2.6489
89.99 90.02 119.97 26200

least 20 ps (10000 steps) to obtain an equilibrium
atomic configuration. After attaining equilibration, a
production run of 10 ps (5000 steps) was performed and
various properties and atomic positions were then
evaluated.

2.2. Calculation of structure factors of a MD-simulated
crystal

The structure factor of real crystals is defined by
using coordinates of atoms in a unit cell. Because a
periodic boundary condition is employed in MD
calculations, atomic arrangements in a MD-simulated
crystal repeat regularly with the period of the MD
cell. Structure factors of a MD-simulated crystal,
Fyvo(hvp, kvo, Ivp) are, therefore, calculated by taking
a MD cell as the basic cell. Since the MD cell in the
present study has cell edges four times larger than the
unit cell of the real crystal, the indices A, k and ! of a
real crystal correspond to 4hyp, 4kyp and 4hym,
respectively. In the following, Fym (4havp, 4k, 4hvp) is
expressed as Fyp(hkl) for simplicity. In the calculation
of structure factors, we used the atomic scattering
factors of O'~ and Si** (Maslen et al., 1992).

The structure factors of a real crystal that are
observed in diffraction experiments are space and time
averaged. The MD basic cell is, in contrast, at most 2 or
3 nm in diameter and therefore too small to calculate a
space average. If an average was taken over a suffi-
ciently long time, the system would go through all
possible states and in some cases the time average can
be considered equivalent to the space average. If this
assumption is adequate, each structure factor would
converge to a constant value with an increase of
sampling number. To verify this hypothesis, the change
of structure factors with sampling number was exam-
ined as described below. In the present study, (x)
denotes the time average of x. Thus, |{Fyp(kkD))|
denotes the absolute value of time-averaged Fyp(hkI)
and (JF\q(hkl)|) the time average of structure ampli-
tude |Fymp(hkl)|, respectively.

Calculated cell parameters and atomic positions
fluctuate with changing number of MD steps under any
given temperature and pressure, even after annealing of
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10* steps. To obtain the time averages of cell parameters
and structure factors, we first examined how many steps
were required for these values to become constant. The
interval of sampling was fixed at every 25 MD steps
(50fs) after annealing. Cell parameters oscillated
significantly for small sampling numbers (<60) and then
became stable and almost constant. Changes in
[{Fup(hkD))| with sampling number showed similar
behavior to the change of cell parameters. In the
present study, time averages over 200 samples (corre-
sponding to 5 ps) were used for cell parameters, struc-
ture factors and other physical properties of a MD-
simulated crystal of quartz.

3. Results and discussion
3.1. Cell parameters of a MD-simulated quartz crystal

Cell parameters derived from the present MD
calculation at 300 K are compared with those deter-
mined by an X-ray diffraction method (Table 2). For
this calculation, we employ a parallelepiped MD cell
and do not impose trigonal symmetry on the MD-
simulated crystal. The lengths of a; and a, axes are
therefore not exactly equal to each other and the angles
among crystallographic axes are not fixed in the calcu-
lation. As seen in Table 2, the cell parameters at 300 K
show a good agreement with those of a real crystal.
Temperature dependency of the length of the a axis by
MD calculation is then compared with that of quartz
measured by an X-ray single-crystal method (Kihara,
1990) (Fig. 1). With increasing temperature, the length
of the a axis by the MD calculation increases gradually
up to 780 K and abruptly at 780 K, and then becomes
almost constant above around 800 K. This tendency is
similar to that of a real quartz crystal measured by an
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Fig. 1. Length of the a axis of a real quartz and a MD-simulated crystal
at different temperatures. The transition temperatures of a real
quartz and a MD-simulated crystal are estimated to be 840 and
780 K, respectively. Solid triangles and crosses represent the length
of the a; and a, axes of a MD-simulated crystal, respectively. Solid
circles represent the length of the a axis of a real quartz measured
by Kihara (1990).
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X-ray method. The transition temperatures (T.) from
a- to B-quartz of areal crystal and a MD-simulated crystal
are estimated based on the abrupt change of the cell
parameters at 846 and 780K, respectively, with a
difference of only 66 K between these two T.’s.

3.2. Translation symmetry of a MD-simulated quariz
crystal

To elucidate the relationship between the periodic
atomic arrangements of real and MD-simulated crystals,
the structure factors of a MD-simulated crystal with
indices other than A = 4hymp, k = 4kvp, | = 4lvp are
examined. The result shows that all of these time-
averaged structure factors are actually zero. This fact
suggests that the atomic arrangements of the MD-
simulated crystal repeats with periods of ayp/4, bvn/4
and cup/4, i.e. the length of the unit cell of the real
crystal, and therefore that the MD cell in the present
study is large enough to study the crystal structure of a
real quartz crystal. In the following, only structure
factors with indices of hkl, |{Fyp(hkl)}|, are compared
with those of a real crystal. Intensities of a MD-simu-
lated crystal, Iyp(hkl), at 500 K are compared with
those of a real crystal, I,,s(hkl), observed by the X-ray
single-crystal method (Kihara, 1990, 1997) in Fig. 2. As
seen in the figure, with increasing value of Iyp(hkI), the
ratio of Iyp(hkl)/I.ws(hkl) tends to increase. This
nonlinearity can be explained by an extinction effect
expressed approximately by

Los (hkT) = Dy (hKD)/{k + (a/ ) (RKD)),

where k is the scaling factor, a a constant, and u the
absorption factor. The least-squares fitting of the data
gives k = 44 x 107> and a/u = 7.0 x 107° (Fig. 2).
The temperature dependence of I,,s(hkl) has been
measured by a single-crystal X-ray diffraction method

(x10%
1 T 1T "~ 1 " 1 1
8- . .
,,,6‘ . N .
) Ry -
a4 ’ -
- ' ° -
2l .
N 1 1 | X 1 1 1 N 1 1 1 .- )
7 4 6 8 10 12 14(x109
Ivp

Fig. 2. Intensities of a MD-simulated crystal, Ivp(hkl), are plotted
against those of a real crystal, I,,s(hkl), at 500 K. The correlation
between them can be explained by an extinction effect. The least-
squares fitting of all data gives Iops(hkl) = Iyp(kki)/{4.4 x 1073 4+
7.0 x 10~ Iy (hkl)} with the correlation |r] = 0.98.
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(Kihara, 1997). As an example, the values of Iy (003)
are compared in Fig. 3 with that of experimental
I,,s(003) (Kihara, 1997) after correction for the
extinction effect mentioned above. The value of
Iyyp(003) decreases up to the transition temperature of
780 K, estimated from the abrupt change of the cell
parameters. Above this temperature, Iq,(003) is almost
constant with increasing temperature. This tendency
and the absolute value show good agreement with those
of a real quartz crystal. The good correlation between
two kinds of intensities (Figs. 2 and 3) gives a basis for
further discussion of crystal symmetry and phase tran-
sition by using structure factors of a MD-simulated
quartz crystal.

3.3. Crystal symmetry and structure factors of a MD-
simulated crystal

The phase-transition temperature of a MD-simulated
crystal has been estimated by the change of cell par-
ameters and the symmetry of the crystal has been
determined by using the trajectory of atomic positions
in real space [e.g. quartz: Tsuneyuki et al (1990);
zeolite: Yamahara et al. (1995)]. In the present study,
the transition temperature and crystal symmetry were
also estimated based on the change of structure factors
and symmetry in reciprocal space as described below.

Space groups of «- and B-quartz are P3;21/P3,21 and
P6,22/P6,22, respectively. The extinction rules of both
phases are the same: conditions for possible reflections
are no restrictions for skl and / = 3n for 00/ reflections,
except for an extinction rule for the special positions of
the Si atom in B-quartz. Calculation of structure factors
of a MD-simulated crystal shows that |(F,,,(003))| and

(Fyp (006)) | are more than 3 but all of |{Fyq, (000))| with
» l # 3n are less than 0.01 at every temperature (from 300
to 1000 K), which is consistent with the extinction rule
described above. The systematic absences of 00/ with
[#3n then suggest the existence of 3; (or 3;) or 6, (or
64) in the present MD-simulated quartz.

In order to distinguish 3; (or 3;) from 6, (or 6,) in
reciprocal space, the amplitudes of structure factors (or
Laue symmetry) and the phase differences among
structure factors must be examined. The space group of
a-quartz is P3;21 or P3,21, and therefore three
structure factors with indices of hkl, —h—k, h,I and
k,—h —k, I are symmetrically equivalent. These struc-
ture factors have a phase difference of 2n/3:
F(—h—k,h,I) = F(hkl)exp(2nl/3) and F(k,—h—k, ) =
F(hkl) exp(—27i/3). In addition, because of a screw axis
of 3; or 3,, a structure factor with indices of hkl is not
crystallographically equivalent to that with indices of
—h,—k, I, that is, these two structure factors have
different amplitudes and phase differences. Similarly,
B-quartz with a space group of P6,22 or P6,22 has the
same extinction rule and has the same relationship
among three structure factors with indices of hkl,
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—h—k,h/l and k,—h—k,| as a-quartz. In B-quartz,
however, an (hkl) plane is crystallographically equiva-
lent to a (—h,—k,[) plane and then F(hki)
F(—h,—k,I) with no phase difference.

In order to check whether a MD-simulated quartz
crystal has the symmetry relationships mentioned
above, structure factors, Fymp(hkl), are plotted in the
Gaussian coordinates system. The behavior of structure
factors changing with temperature can be divided into
three types corresponding to below 760 K, above 800 K
and in a temperature range between them. One of the
examples is shown in Figs. 4(a)—(c), where Fy,p(012),
Fup(112), Fyp(102), Fup(012), Fyup(112) and
Fup(102) at 500, 780 and 900K are plotted.
[(Fpp(012)) — (Fop(012))| [defined as AF(012)]
plotted against temperature in Fig. 4(d) because
(Fup(012)) is not equal to (Fyp(012)) in a-quartz and
(Fyp(012)) is exactly equal to (Fyp,(012)) in B-quartz as
described above.

As seen in Fig. 4, some structure factors at every
temperature have imaginary parts with nonzero values,
indicating that both low- and high-temperature forms of
a MD-simulated crystal have no center of symmetry.
AF(012) decreases abruptly around 780 K and then
becomes almost zero above 800 K. The transition
temperature from a- to B-quartz of a MD-simulated
crystal is estimated based on the abrupt change of
AF(012) at 780 K, which is the same as those estimated
from the cell parameters.

Below 780K (Fig. 4c), there are two groups of
structure factors: one group of Fyp(012), Fum(112) and
Fap(102) and another group of Fyp(012), Fyp(112)
and Fp(102). Each group consists of three structure
factors with the same amplitude and phase difference of
2m/3 between them and has a phase difference of 7/2
with another group. AF(012) is, therefore, not equal to
zero (Fig. 4d). The behavior of the structure factors

61—
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Fig. 3. Temperature variation of intensities of a real quartz crystal,
I,,5(003), observed by the X-ray single-crystal diffraction method
(Kihara, 1990) and those of a MD-simulated crystal, Iy (003).
A: Lyp(003); o: I,(003).
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indicates that a MD-simulated crystal must have 3; (or
3,) along the c axis.

Above 800 K (Fig. 4a), the six structure factors have
the same amplitude and are plotted in three regions
with phase differences of 27/3. F(hkl) and F(—h, —k, )
are plotted in the same region in this temperature
range, while they are plotted in different regions below
780 K. AF(012) is, therefore, equal to zero (Fig. 4d).
The distribution of structure factors indicates that a
MD-simulated crystal has 6, (or 6,) along the ¢ axis of
B-quartz.

Based on the behavior of structure factors as
described above, it can be concluded that the tran-
sition temperature is 780 K and the space groups of
low- and high-temperature forms of MD-simulated
quartz are confirmed as P3,21/P3;21 and
P6,22/P6,22, respectively, as those of natural o- and
B-quartz.
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In the intermediate temperature range (Fig. 4b), the
six structure factors are plotted in three elongated
regions. To investigate the fluctuation of structure
factors in the elongated regions, we calculated for a
further 50 000 steps (120 ps) at 780 K and the temporal
variations of the real part of the structure factors of
Fup(012) and Fyp(012), whose imaginary parts are
almost zero, are given in Fig. 5. The vibration of the real
part of Fyp(012) defined as Re(012) synchronizes with
the vibration of the real part of Fyp(012) defined as
Re(012). In the range from 10000 (20 ps) to 35000
(70 ps) steps, Re(012) takes a negative value around
—5; at the same time, Re(012) takes a positive value
around 13. After about 5000 steps [from 40 000 (80 ps)
to 50000 (100 ps) steps], Re(012) takes the positive
value, whereas Re(012) takes the negative value. This
shows that Re(012) and Re(012) became interchanged
with time, although no particular periodicity was

imaginary part

[e—

|[<Fyp(012)> - <Fpp(012)>]

A?\oo
|

= [ ] .

o i
it YL )

500900
Temperature (K)
@

300

Fig. 4. Six structure factors, Fpp(012), Fuo(112), Fup(102), Fup(012), Fup(112) and Fup(102), plotted with the Gaussian coordinates, at
(a) 900, (b) 780 and (c) 500 K. For clarity, every sixth sampling point of the data (33 samples) is plotted. &: Fuyp(112); 0 Fup(112);
A Fyp(102); x: Fyp(102); +: Fyp(012); 01 Fyp(012). (d) Temperature dependence of the amplitudes of the structure factor,

[{Fup(012)) — (Fup(012)).
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observed. In the present study, it is also confirmed by
the behavior of the structure factors that the two states
(«; and «,) with the positive and negative values in Fig.
S are related by a 180° rotation of the structure around
the ¢ axis, i.e. in the Dauphiné twin relationship, as
reported by the previous study (Tsuneyuki et al., 1990).

3.4. Behavior of Si and O atoms during phase transition

An arrangement of certain atoms in a crystal can
have higher symmetry than the crystal symmetry. For
instance, part of the constituent atoms preserves the
arrangements with higher symmetry specific to a high-
temperature form during phase transition, while the
arrangements of the other atoms have the lower
symmetry of its low-temperature form. Such behavior
of the atoms during phase transition can be studied by
the change of structure factors calculated only with
definite atoms. Partial structure factors of the Si atoms,
F$io(hkl), and of the O atoms, Fyp(hkl), were
calculated with the atomic coordinates in a MD-
simulated quartz crystal.

Space groups of the low- and high-temperature
forms of MD-simulated quartz crystals are confirmed
to be P3,21/P3,21 and P6,22/P6,22, respectively, as
described above. Therefore, Si atoms at (x,0,0) in
a-quartz occupy the 3(c) positions (3,0,0) in -quartz
(Wright & Lehmann, 1981). Therefore, Fiip(hkl) in
B-quartz satisfies an extinction rule (h = 2n, k = 2n and
| = 3n for hkl reflections). One of the examples is shown
in Fig. 6, where F3i(222), F3i5(223) and F3ip(224) are
plotted. Above 780K (Fig. 6a), the averaged ampli-
tudes of F3ip(222) and F3ip(224) are at the origin,
while that of F3i(223) remains far from the origin. This

N N ! N 1 1 | ) ]
-15—15¢00" 20000 30000 20000 30000 60000
step

o Re(012)
x Re(012)

Fig. 5. Temporal variation of the real part of the structure factors of
Fup(012) and Fop(012) [Repnnr(012) and Reyp(012)] at 780 K. For
clarity, every fourth sampling point of the data (576 samples) is
plotted. &1 Reyp(012); x: Reyp(012).
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Fig. 6. Three structure factors, Fyp(222), Fap(223) and Fyp(224),
plotted with the Gaussian coordinates, at (a) 900, (b) 780 and
(c) 500K. For clarity, every sixth sampling point of the data
(33 samples) is plotted. O: FSp(224); o Fap(223); x:
Fiip(222).
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suggest that Si atoms in B-quartz occupy the 3(c)
position as expected.

On the other hand, Si atoms in «-quartz occupy the
positions of (x, 0,0) even with x = } without violating
the space group P3;21. Below 780 K (Fig. 6¢), none of
the three structure factors are plotted on the origin and
the extra extinction does not appear. This fact indicates
that Si atoms occupy the position (x,0,0) with x # 1

Q
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Fig. 7. Temperature dependence of the amplitudes of the structure
factor, (a) |(F§ip(222))| and (b) |{Fgp(012)) — (Fp(012))]. The
abrupt decreases of the amplitudes occur simultaneously around
the transition temperature of 780 K, indicating the simultaneous
change of symmetry of the arrangements of Si and O atoms.
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below 780 K. The change of |(Fap,(222))| is plotted
against temperature in Fig. 7. As seen in the figure, the
symmetry change of the arrangements of Si atoms
occurs around the transition temperature of 780 K.

No extinction rules for O atoms are expected in the
space groups of both the low- and high-temperature
forms of quartz. However, it can be shown that the
amplitudes of the difference between structure factors,
[{FGp(012)) — (Fop(012))1, should be zero for the high-
temperature form. The amplitudes are plotted against
temperature .in Fig. 7. The drastic change of the
amplitude to zero is observed around the transition
temperature, indicating the symmetry change of the
arrangements of the O atoms. The symmetry change of
the arrangements of Si and O atoms is, therefore,
concluded to occur simultaneously at the phase transi-
tion. This fact suggests that the movement of atoms
during the phase transition can be approximated to the
movement of SiQ, tetrahedra.

4, Concluding remarks

(i) A computer program was written for the Fourier
transformation to calculate structure factors of a MD-
simulated crystal. The details of symmetry of a MD-
simulated crystal and its change can be studied by using
this Fourier transformation method. In particular,
symmetry changes of an arrangement of specific atoms
during phase transitions can be studied in detail. Using
this method, the symmetry (point group and space
group) and its change in reciprocal space of quartz was
studied in the present paper.

(i) A MD-simulated crystal of quartz was shown to
have the same crystal structures and symmetries as
those of matural low- and high-temperature forms of
quartz. Around the phase-transition temperature, the
MD structure fluctuates temporarily between two states
related by a 180° rotation of the structure around the ¢
axis, i.e. in the Dauphiné twin relationship.

(iii) The symmetry change of arrangements of Si and
O atoms in the MD-simulated crystal of quartz occurs
simultaneously at the phase transition, suggesting that
the movement of atoms during the phase transition can
be approximated to the movement of SiO, tetrahedra.

The authors are grateful to Professor K. Kihara for
providing them with the X-ray data. We also thank Dr
S. Wallis and Dr N. Shimobayashi for their kind
suggestions to improve the paper.
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